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Abstract. New techniques are developed for determining spatial or geometric 
distortion between two images of the same scene. First, the properties of the 
Fourier transform of a two dimensional function under the affine transformation 
are given. The relations between the spatial and spectral frequency domains are 
shown. As a result, techniques for the estimation of the coefficients of the 
distortion model using the spectral frequency information are developed. Image 
registration can be achieved by applying the fast Fourier transform (FFT) 
technique for cross correlation of mis-registered imagery to determine spatial 
distance. The correlation results may be rather broad, making detection of the 
peak difficult, what can be suppressed by enhanced cross-correlation technique. 
Yield greatly improves the delectability and high precision of image mis-
registration. 

1   Introduction 

Image registration is a fundamental task and essential component in many 
computer vision and image processing to overlay two or more images used such as 
motion analysis, image enhancement/restoration and especially for remote sensed 
image application. The geometric distortion can be occurred according to many 
reasons and can be divided into systematic and non-systematic (random) distortion 
that needs image registration to correct before used. The precision of geometric 
correction depends on the efficiency of image registration of each ground control 
points (GCPs). The importance issue to achieve such process is the way to choose the 
ground control point (GCP), which should be evidence on both images or topographic 
map, time invariance and spread through the image. Segmentation based on 
registration methods or image-to-image registration can achieve precision and 
accuracy registration by cross-correlation measurement only if the reference and 
search image are cover and contain the same context and detail. The correlation will 
be poor when these two images difference in detail due to time variant, noise 
corrupted, sensor variation. Pre-processing is necessary task for these proposed 
methods. One method to solve such problem is to divide process into two steps. 
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The coarse image registration should be done first to serve the global image 
registration that models the distortion problem is the affine transformation. The 
advantage of this model is invariant on FFT transformation; therefore, the scaling 
factor and rotation angle can be extracted from log-polar coordinate and phase 
correlation technique that mentioned in section 2. 

The fine registration will be consecutively performed; sub-image set will be 
selected as GCPs to get the precision registration and local geometric transformation 
correction. Section 3 shows the new method for accuracy image registration. The 
modified search-images set will be generated, and then the enhanced cross-correlation 
method is performed to get the precision registration. Finally, the geometric 
transformation and interpolation will be performed to achieve the image registration. 
The study on image and result of each step of registration will be shown in last 
section. 

2 Affine transform theory and its parameter estimation for coarse 
image registration 

For many data sets regional mis-registration can be represented as having the 
following for components: (1) scale, (2) rotation, (3) skew, and (4) displacement. 
Such mis-registration can be completely characterized by means of the affine 
transformation given by 
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The non-singular matrix A characterizes the geometrical components of the mis-
registration.  

The usefulness of the affine model results from the fact that the mis-registration 
can be interpreted as consisting of two components 

1) The geometrical distortion by a linear model, and 

2) The displacement of the coordinate systems. 

Straightforward search techniques are available for estimating the distortion matrix 
coefficients by determining the difference between the modulus of the Fourier 
transform of these data. 

xxu xu, defF j ))(2()()(    (2.1) 
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where, 
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and the notations x)(u, denotes the inner product of the vector u  and x . The 
following properties of the transform of the function )(xf under an affine 
transformation H are readily established. 

(1) Similarity  
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yyJ  is the Jacobian of the transformation. 

(2) Relation of Coordinate Systems 

The relation between coordinate system u and v of the transform modulus is  

u)(Av T1     (4)  

Estimation of distortion matrix coefficients and coordinate systems displacement 

(1) Translation property ( t ) and cross-power spectrum  

The translation property of the Fourier transform, which is referred to as the 
Fourier shift theorem, let )(xf  and )(yg  are the two images that differ only by a 

displacement t , therefore,
10
01

A  and then 
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and from u)(Av T1  then  

uv
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The translation property of Fourier transform of two images is 

}{)( )}(2{ uu u,t FeG j

and the cross-power spectrum of two images f and g with Fourier transforms F and 
G is defined as 
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with *G  is the complex conjugate of G , the phase of the cross-power spectrum is 
equivalent to the phase difference between the images. Take inverse Fourier 
transform of the representation in the frequency domain, the displacement of optimal 
registering of two images can be easily obtained at an impulse location (phase 
correlation technique). 

(2) Rotating and scaling  

 In a number of special cases the distortion matrix A reduces to a simpler 
form, for scaling change the distortion matrix is  
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where the scaling is assumed to be along the coordinate axes. The relationship 
between the spatial frequency domain coordinates is then 
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By converting the axes to logarithmic scale, scaling can be reduced to a 
translational movement. While ignore the multiplication factor scalA1 .

))(log(log)log()log( scalscal diag Auu)(Av T1   (6) 

The translation, )log(A , can be received by the phase correlation technique and 
the scaling A can be computed. 
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For rotation the distortion matrix is 

)cos()sin(
)sin()cos(

rotA

where spatial frequency domain coordinates is then 

uAu)(Av T1
rotrot    (7) 

Note that, the transform of the distorted data is also rotated by the angle .

Consider in polar coordinates, the rotational movement can be deduced in a same 
manner using the phase correlation by representing the rotation as translational 
displacement. 
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For special case of the same aspect ratio (a11 = a22 = a), the overall distortion matrix 
A is some combination of these component distortions 
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Fig.1 Rotating and scaling factor extraction by Log-Polar coordinate phase 
correlation 

3. Enhanced cross correlation for fine image registration 

The principle used of correlation is for matching. In matching, f(x,y) is an image 
containing objects or regions of interested and let h(x,y) be that object or region 
(template). Then, if there is a match, the correlation of the two functions will be 
maximum at the location where h finds a correspondence f. 

The correlation of two function f(x,y) and h(x,y) is defined as 
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The correlation theorem 

Let F(u,v) and H(u,v) denote the Fourier transforms of f(x,y) and h(x,y), 
respectively, then, 

),(),(),(),( * vuHvuFyxhyxf   (10) 

To avoid wrap around error, the zero padded or extended function is needed and 
given by 
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where, AxB and CxD are image sizes of f(x,y) and h(x,y), respectively. 

If f(x,y) and h(x,y) broadly correlate, the maximum peak of correlation hardly 
detect correctly. To enhance the correlation peak, induced image set are generated to 
suppress the adjancent correlation. The induced image h’(x,y) should contain the 
same content of image h(x,y), but do not exactly same as h(x,y). 

Let c(x,y) is a correlation of f(x,y) and h(x,y), and c’(x,y) is a correlation of f(x,y) 
and induced image h’(x,y). The 1-D enhanced correlation peak can be shown in fig.2. 
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Fig.2 Enhance correlation peak for fine image registration 

 The induced image can be easily generated by shifting the search image to 
left and right for horizontal and shifting up and down for vertical correlation peak 
enhancement. The 2-D correlation peak enhancement can be expressed as: 

),('),('),('),('),(4),( yxcyxcyxcyxcyxcyxc rightleftdownupenhanced

  …(10.1) 

 This process is straight-forward but also drastically increasing the 
computation cost and do not practically use. To simplify and limit the computation 
cost, new induced image set h’(x,y) will be generated by flip the search image h(x,y) 
up-to-down and left-to-right. The enhancement scheme will be changed to 

),('),('),(2),( yxcyxcyxcyxc rightleftdownupenhanced      (10.2) 

when  
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and 1F  is 2-D inverse Fourier transform. 

The shifted version of h(x,y) has a same the magnitude response of Fourier 
transform but the phase response linearly increases up to 180 degree along each 
orientation. Therefore, a few modified H(u,v) is needed for generating the induced 
search image (H’(u,v)). The ),( vuH can be also added to account for further 
enhance. 

4 Geometric transformation 

The bilinear transformation [6] as discussed below is used to geometric 
transformation for image restoration. The image (f) is given by pixel coordinates (x,y) 
under geometric distortion to produce an image g with coordinates )ˆ,ˆ( yx . This 
transformation can be expressed  

),(ˆ yxrx  and ),(ˆ yxsy

where r(x,y) and s(x,y) represent the spatial transformation that produced the 
geometrically corrected image )ˆ,ˆ( yxg . Suppose that the geometric distortion 
process within the quadrilateral regions is  modeled by a pair of bilinear equations. So 
that,  

4321),( CxyCyCxCyxr     (11) 

and 8765),( CxyCyCxCyxs             (12) 

 Since there are a total eight coefficients Ci,i = 1,2, .... 8, eight GCPs are 
needed to solve. The method just discussed step through integer values of the 
coordinates (x,y) to yield the corrected image f(x,y). However, depending on the 
coefficients Ci, can yield noninteger value for x̂  and ŷ . Inferring what the gray 
level value at those locations should be fit by bilinear interpolation for gray level 
interpolation, which can be expressed as 

dcxybyax)y,xv( ˆˆ      (13) 

Where the four coefficients are easily determined from the four equations by using 
the four known neighbors of )ˆ,ˆ( yx . v(x,y) is computed and assigned to the location 
in f )ˆ,ˆ( yx .
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5 Experiment and results  

5.1 Coarse image registration  

To complete the geometric correction, the first step is the estimation of scaling 
factor and rotation angle, when coarsely assume the geometric distortion between 
reference image and unregistered image is affine transformation. This study use the 
SPOT image acquired on 24-11-1998 and 16-11-1998 to be a reference and 
unregistered image, respectively. These two images were performed sequentially as 
mention in section 2. The results are shown in fig.3.    

(a) Spot 24-11-1998    (b) Spot 16-11-1998 

(c)       (d) 
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(f) Rotate angle ( ) = 1.8 and Scaling factor (a) = 1.12 

Fig.3 Multi-temporal Spot image cover central area of Thailand 

a. Reference image (Spot image acquired 24-11-1998) 

b. Unregisted image (Spot image acquired16-11-1998) 

c. log-polar coordinate version of (a) 

d. log-polar coordinate version of (b) 

f. Coarse registered image of (b)  

(a) Search image (GCP) 

   
       (b) Enhanced cross-correlation         (c) registered area 
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            (d) Phase correlation          (e) registered area 

            
       (f) Normalize cross-correlation        (g) registered area 

  Fig.4 Fine imager registration 

a. Selected GCP from Fig.13 (f) 

b. and c. Enhanced cross-correlation (propose method) and its registered area 

d. and e. Phase-correlation and its registered area 

f. and g. Normalize cross-correlation and its registered area.

5.2 Fine image registration  

After coarse registration, sub-images will be selected as a set of ground control 
point. Then, each GCP image will be fine registered to referenced image. Figure 4 
shows three methods of correlation (only one GCP was shown). The results clearly 
show the proposed method (enhanced cross-correlation) efficiently improved the 
image registration when compare to the others method. After all GCPs are registered 
and the geometric transformation is extracted, yield the accuracy of image registration 
as shown in fig.5. 
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Fig. 5 Completed image registration 

6   Conclusion 

The correct image registration of all methods is highly depending on reference and 
search (GCP) image. Phase correlation offers the best result when search image is a 
part or exactly same a part of reference image, otherwise, will generate multiple 
correlation peak and lead to mis-registration. The pre-processing is very important 
and necessary for phase correlation. To normalize cross-correlation, the context in the 
search image (GCP) is a main factor to determine the correlation result. If the context 
is broadly distributed, the correlation peak will be blurred and offers a poor image 
registration. The proposed method (enhanced cross-correlation) utilizes the search 
image to suppress the adjacent and enhance the correlation peak. The efficiency 
trade-off is the computation cost.
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